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CHOW GROUPS AND HIGHER CONGRUENCES FOR THE NUMBER
OF RATIONAL POINTS ON PROPER VARIETIES OVER FINITE
FIELDS
NAJMUDDIN FAKHRUDDIN
Abstract. Given a proper family of varieties over a smooth base, with smooth total space
and general fibre, all over a finite field k with q elements, we show that a finiteness hypotheses
on the Chow groups, CHi, i = 0, 1, . . . , r, of the fibres in the family leads to congruences
mod qr+1 for the number of rational points in all the fibres over k-rational points of the
base. These hypotheses on the Chow groups are expected to hold for families of low degree
intersections in many Fano varieties leading to a broad generalisation of the theorem of
Ax–Katz [9], as well as results of the author and C. S. Rajan [7]. As an unconditional
application, we give an asymptotic generalisation of the Ax–Katz theorem to low degree
intersections in a large class of homogenous spaces.
1. Introduction
Let X be a smooth proper geometrically connected variety over a finite field k with q
elements and assume that the base change maps of rational Chow groups, CHi(X) →
CHi(Xk(X)) are isomorphisms for i = 0, 1, . . . , r and some r ≥ 0. These isomorphisms give
rise to a decomposition of the diagonal correspondence in X×X (see Lemma 2.1 for details),
which along with the Grothendieck–Lefschetz trace formula shows that |X(k)| ≡
∑r
i=0 b2iq
i
mod qr+1, where bi = dimH
i
et(Xk¯,Qℓ) with ℓ a prime not equal to char(k); this was first
observed by H. Esnault [4]. The goal of this paper is to prove similar results in the case
where X is not necessarily smooth: that some such results should hold under fairly general
hypotheses is suggested by the Ax–Katz theorem [9] which gives congruences as above for
intersections of low degree hypersurfaces in Pn. For r = 0, such results were proved by
the author and C. S. Rajan in [7] under very general hypotheses; here we will show that a
refinement of those methods implies congruences for singular varieties also when r > 0. Our
results can thus be viewed as a motivic explanation for, as well as a broad generalisation of
(albeit with some extra hypotheses which should conjecturally always hold), the theorem of
Ax and Katz.
For singular varieties, even for r = 0, the Chow groups do not “control” congruences. The
main observation of [7] was that if we consider a family of varieties over a smooth base with
smooth total space, then CH0 of the generic fibre (over a sufficiently large extension of the
base field) does in fact “control” congruences mod q for the number of rational points of
all closed fibres. If r > 0 it is easily seen, for example by blowing up a subvariety of the
total space not intersecting the generic fibre, that a condition solely in terms of the Chow
groups of the generic fibre cannot suffice to imply congruences mod qr+1 for closed fibres;
some extra geometric and/or cohomological conditions must be added. The main result of
this paper is then the following:
Theorem 1.1. Let f : X → Y be a proper dominant morphism of smooth irreducible
varieties with smooth geometrically irreducible generic fibre Z over a finite field k with q
1
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elements. For each point y of Y , let Zy = f
−1(y) and let Y = Spec(Oy,Y ). Assume that for
each i = 0, 1, . . . , r, the specialisation maps ([8, p.399])
CHi(X ×Y (Y − {y})/Y − {y})→ CHi(Zy)
are surjective and the maps CHi(Zy)→ CHi((Zy)K) are isomorphisms for some embedding
k(y) →֒ K with K a universal domain and i = 0, 1, . . . , r. Further, assume that Rjf∗Qℓ is a
constant local system on Y for j = 0, 1, . . . , 2r. Then for all y ∈ Y (k),
|Zy(k)| ≡
r∑
i=0
b2i q
i mod qr+1 ,
where b2i = rankR
2if∗Qℓ.
Some condition similar to ours on the Rjf∗Qℓ probably follows from the conclusion of the
theorem (for all finite extensions of k); it appears to be close to the minimal extra condition
not pertaining to the generic fibre needed to obtain congruences mod qr+1 for r > 0. But it
seems likely that the hypotheses on the Chow groups of non-generic fibres is implied by the
above cohomological condition along with the hypothesis on the Chow groups of the generic
fibre.
A theorem of K. Paranjape [11] (which was improved in [6]) implies that the hypotheses
of the theorem on Chow groups (for a fixed r) hold for the universal family of intersections
of hypersurfaces of multidegree (d1, d2, . . . , dt) in Pn if n is sufficiently large compared to∑t
k=1 dk; the other conditions are easily checked. Thus we recover an asymptotic version
of the Ax–Katz theorem and the full Ax–Katz theorem would follow from standard conjec-
tures relating the coniveau filtration on cohomology and Chow groups. By partly extending
Paranjape’s results to homogenous spaces we are able to obtain the following unconditional
result:
Theorem 1.2. Let k be finite field with q elements, let Gn be a k-form of one of the simple
algebraic groups SLn+1, Sp2n, SO2n or SO2n+1 and let Pn be a maximal parabolic subgroup
of Gn also defined over k except for the case where Gn is Sp2n and Pn is the stabilizer of
a maxmimal isotropic subspace. Let Xn = Gn/Pn and Ln the ample generator of Pic(Xn).
For any tuple D := (d1, d2, . . . , dt) of positive integers and any positive integer r, there exists
an integer N(D, r) such that for any n > N(D, r) and any si ∈ H
0(Xn, L
⊗di
n ), i = 1, 2, . . . , t
|Z(s1, s2, . . . , st)(k)| ≡
r−1∑
j=0
dim(b2(Xn))q
j mod qr
where Z(s1, s2, . . . , st) is the subscheme of Xn given by the vanishing of all the si’s.
We also include an example (4.4) of a homogenous space for the exceptional group E8
for which one also has “higher conguences” for the number of rational points on certain
hypersurfaces.
The main idea of the proof of Theorem 1.1 is to use the hypothesis on the Chow groups to
obtain a suitable decomposition of the diagonal correspondence in X×Y X which, using stan-
dard properties of etale cohomology, implies the divisibility of the eigenvalues of Frobenius
acting on a certain quotient of H∗c (X,Qℓ). An application of the Grothendieck–Lefschetz
trace formula completes the proof. The decomposition is obtained by applying Lemma 2.1 to
the generic fibre which gives us the desired decomposition except for an “error term” which
CHOW GROUPS AND HIGHER CONGRUENCES 3
is a correspondence whose support does not intersect the generic fibre. This correspondence
is controlled by applying Lemma 2.1 inductively to certain non-generic fibres along with a
“nilpotence” argument which eventually shows that the error term can be neglected.
Notations and Conventions. By a variety we shall mean a reduced separated scheme of
finite type over a field k. For X a variety, we shall abuse notation and denote by H∗(X,Qℓ)
the etale cohomology groupsH∗et(Xk¯,Qℓ) where k¯ is an algebraic closure of k, and similarly for
H∗c (X,Qℓ), the etale cohomology groups with compact supports; these are finite dimensional
Qℓ-vector spaces with a continuous action of the Galois group of k¯ over k. All Chow groups
will be considered with rational coefficients.
2. Lemmas
In this section we prove several lemmas which will be used to prove our main theorem in
the next section.
Lemma 2.1. Let W and Z be varieties over a field k and let K be a universal domain over
k. Suppose the maps CHi(Z) → CHi(ZK) are isomorphisms for i = 0, 1, . . . , r. Then any
α ∈ CHd(W × Z) can be written as
α = c
r∑
i=0
mi∑
j=0
[Ai,j ×Bi,j ] + β
where Ai,j, Bi,j are irreducible subvarieties of W and Z respectively of respective dimensions
d− i and i, β is a cycle on W × Z such that p1(|β|) has dimension ≤ d− r − 1 and c ∈ Q.
Note that we do not assume that W and Z are smooth or even irreducible.
Proof. This follows using standard methods (originally due to S. Bloch for r = 0) but we
give a proof for the reader’s convenience.
The hypothesis implies that for any extension k′ of k, the maps CHi(Z) → CHi(Zk′)
is an isomorphism in the given range; in particular this holds for the function fields, say
k1, k2, . . . , km, of the irreducible components of W . Let ιl : kl ×k Z → W × Z be the maps
induced by the inclusion of the generic points and let αl = ι
∗
l (α) ∈ CHd−dl, where dl is the
dimension of the irreducible component of W corresponding to kl and l = 1, 2 . . . , m. By
hypothesis, if d − dl ≤ r, then αl is in the image of the map CHd−dl(Z) → CHd−dl(Zkl)
(say α˜l 7→ αl), so by taking the sum of the Zariski closures of (representatives for) the cycles
kl ×k α˜l for l such that d− dl ≤ r we get a cycle γ on W ×Z which is a linear combinations
of terms of the form [A×B] with dim(A) + dim(B) = d, dim(B) ≤ r and with A one of the
irreducible components ofW . By construction, γ has the property that α = α′+γ+β ′ where
α′ is supported onW ′×Z withW ′ is a closed subvariety ofW such thatW\W ′ Zariski dense
in W and β ′ has the same support properties as those desired of β. We may then replace W
by W ′ and α by α′ and complete the proof by descending Noetherian induction. 
For the remainder of this section we assume that the reader is familiar with the methods of
[7], in particular the notion of proper correspondences and their action on e´tale cohomology
from [7, Section 2].
Lemma 2.2. Let f : X → Y be a proper dominant morphism of smooth irreducible varieties
over a field k with smooth geometrically irreducible generic fibre Z. Let A, B be subvarieties
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of X mapping dominantly to Y . Then the image of the proper correspondence [A ×Y B]
acting on H∗c (X,Qℓ) is contained in the image of
H∗c (Y,Qℓ)⊗ [A] ⊂ H
∗
c (Y,Qℓ)⊗H
∗(X,Qℓ)
f∗⊗Id
−→ H∗c (X,Qℓ)⊗H
∗(X,Qℓ)
∪
−→ H∗c (X,Qℓ) .
Proof. Using the inclusion of A in X and the morphism f we may view A as giving a proper
correspondence in X×Y and similarly we may view B as a proper correspondence in Y ×X .
[A×Y B] is then the composite of these two correspondences. It is clear from the definitions
that the image of the first correspondence (mapping H∗c (Y,Qℓ) to H
∗
c (X,Qℓ) ) is exactly the
image of H∗c (Y,Qℓ) ⊗ [A] in H
∗
c (X,Qℓ). The lemma then follows from the compatibility of
the composition of correspondences with the action of correspondences on cohomology. 
Lemma 2.3. Let f : X → Y be a proper dominant morphism of smooth irreducible varieties
over a field k with smooth geometrically irreducible generic fibre Z. For each point y of Y , let
Zy = f
−1(y) and let Y = Spec(Oy,Y ). Assume that for each i = 0, 1, . . . , r, the specialisation
maps ([8, p.399])
CHi(X ×Y (Y − {y})/Y − {y})→ CHi(Zy)
are surjective. Let Y ′ be an irreducible proper subvariety of Y and let Aj, Bj, j = 1, 2, be
irreducible subvarieties of X mapping dominantly to Y ′. Suppose further that s = dim(B1)−
dim(Y ′) ≤ r. Then the proper correspondence [A1×Y B1] ◦ [A2×Y B2] on X ×Y X ⊂ X ×X
is equivalent (in the group of proper correspondences) to a correspondence Γ supported in
X ×Y X and such that the image of |Γ| in Y is contained in a proper closed subvariety of
Y ′.
Proof. As in the proof of Lemma 2.2 we may view the Aj ’s as proper correspondences in
X × Y and the Bj ’s as proper correspondences in Y × X . It then suffices to show that
[B1] ◦ [A2], which is a priori a correspondence in Y × Y supported in the diagonal, is in fact
supported on a proper closed subset of Y ′ (diagonally embedded in Y × Y ).
Let y be the generic point of Y ′. Then B1 gives an element in CHs(Zy) which, using
the surjectivity of the specialisation maps, must be the specialisation of an element α ∈
CHs(X×Y (Y−{y})/Y−{y
′}) . This implies that the element which B1 gives in CHs(X×Y
Y)/Y) is 0: this is clear ifOy,Y is a d.v.r. and we can reduce to this case (since dim(Oy,Y ) ≥ 1)
using functoriality of the Gysin maps of [8] for a composite of regular embeddings. Hence
B1 is rationally equivalent, in X , to a cycle β such that f(|β|)∩ Y
′ is a proper closed subset
of Y ′. Then β may be viewed as a proper correspondece in Y ×X equivalent to [B1]. This
then implies the claim on the support of [B1] ◦ [A2]. 
Lemma 2.4. Let f : X → Y be a proper dominant morphism of smooth irreducible varieties
over a field k with smooth geometrically irreducible generic fibre Z. Let αi,k ∈ H
2i(X,Qℓ),
i = 0, 1, . . . , r, k = 1, . . . , b2i, be algebraic cohomology classes such that their restrictions to
the generic fibre form a basis for ⊕ri=0H
2i(Z,Qℓ). Then the map
(⊕
i,k
H∗c (Y,Qℓ)
) ⊕f∗∪αi,k
−→ H∗c (X,Qℓ)
is injective.
Proof. Since the αi,k’s are algebraic classes and Z is smooth and proper, we may find algebraic
cohomology classes βi,k ∈ H
∗(X,Qℓ) such that αi,k ∪ βi′,k′ restricts to δi,i′ · δk,k′ · [pt] ∈
H2 dim(Z)(Z,Qℓ), where δ is the Kronecker delta and [pt] means the cohomology class of
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a point: this follows immediately from the Hard Lefschetz theorem if A is projective and
one reduces the general case to this by using Chow’s lemma, alterations and the projection
formula.
It follows from the construction that f∗(αi,k ∪ βi′,k′) = δi,i′ · δk,k′ · [Y ] ∈ H
0(Y,Qℓ). For any
cohomology class γ ∈ H∗c (Y,Qℓ), it then follows from the projection formula that f∗(f
∗(γ)∪
αi,k ∪ βi′,k′) = δi,i′ · δk,k′ · γ, which proves the injectivity.

Lemma 2.5. Let X1, X2 be smooth geometrically irreducible varieties over a finite field k with
q elements. Let Γ be a proper correspondence in X1×X2 such that dim(p1(|Γ|) < dim(X)−r.
Then all the eigenvalues of the geometric Frobenius acting on Γ∗(H∗c (X2,Qℓ)) ⊂ H
∗
c (X1,Qℓ)
are algebraic integers divisible by qr+1.
Proof. This is a direct generalisation of [7, Proposition 2.4] so we do not give a detailed proof.
The key point is that if π :W1 →W2 is a map of smooth geometrically irreducible varieties
over k such that dim((W1) < dim(W2) − r then all the eigenvalues of geometric Frobenius
acting on π∗(H
∗
c (W1,Qℓ)) ⊂ H
∗
c (W2,Qℓ) are algebraic integers divisible by q
r+1. 
3. Proof of the main theorem
Proof of Theorem 1.1. We apply Lemma 2.1 with α = [∆Z ], the class of the diagonal in
Z × Z. Let Ai,j, Bi,j denote the Zariski closures of Ai,j , Bi,j in X and let β be the Zariski
closure of the cycle β in X ×Y X . It follows that ∆X , viewed as a proper correspondence in
X×X , differs from c
∑r
i=0
∑mi
j=0[Ai,j×Y Bi,j]+β by a proper correspondence Γ supported in
X ×Y X and such that p1(|Γ|) = p2(|Γ|) does not contain the generic point of Y . Applying
Lemma 2.1 inductively to the fibres over the generic points of p1(|Γ|) and the induced cycles
on these fibres we see that we may write
[∆X ] = c
r∑
i=0
mi∑
j=0
[Ai,j ×Y Bi,j] + d
r∑
s=0
ms∑
t=0
[Cs,t ×Y Ds,t] + Γ
′
where the Cs,t, Ds,t are subvarieties ofX with f(Cs,t) = f(Ds,t) $ Y and dim(Ds,t/f(Ds,t)) =
s. Furthermore, Γ′ is a proper correspondence supported in X ×Y X with dim(p1(|Γ
′|)) <
dim(X)− r.
Now repeatedly using the fact that [∆x]
2 = [∆X ] as proper correspondences and Lemma
2.3, we see that [∆X ] can be written as a sum of products of proper correspondences, all of
them supported in X ×Y X , such that each product contains a factor of one of the following
two types: (1) [Ai,j ×Y Bi,j] or (2) correspondence Γ
′′ such that dim(p1|Γ
′′|) < dim(X)− r.
We now consider the action of such products on H∗c (X,Qℓ): By Lemma 2.2 and the fact
that all our correspondences are supported in X×Y X it follows from the projection formula
that the image of any product containing a factor of type (1) must be contained in the
subspace of H∗c (X,Qℓ) of the form H
∗
c (Y,Qℓ) ·α where α denotes the class of some algebraic
cycle on X in H∗(X,Qℓ). It follows from Lemma 2.5 that the eigenvalues of the geometric
Frobenius acting on the image of any product with a factor of type (2) are all divisible by
qr+1.
Let αi,k ∈ H
2i(X,Qℓ), i = 0, 1, . . . , r, k = 1, . . . , b2i, be algebraic cohomology classes such
that their restrictions to the generic fibre Z form a basis for ⊕ri=0H
2i(Z,Qℓ); these exist
because of the assumptions on the Chow groups of Z. By Lemma 2.4 we have an injective
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map (⊕
i,k
H∗c (Y,Qℓ)
) ⊕f∗∪αi,k
−→ H∗c (X,Qℓ)
and the image of any product as above of type (1) is contained in the image of this map.
The above discussion then shows that all the eigenvalues of geometric Frobenius acting on
the cokernel of this map are divisible by qr+1.
We conclude the proof as in that of [7, Theorem 1.1]: without loss of generality we may
assume that Y has a unique rational point and then we get the desired congruence by
applying the Grothendieck-Lefschetz trace formula to X . 
Corollary 3.1. Retain the hypotheses of Theorem 1.1. Then for all y ∈ Y (k), all the
eigenvalues of the geometric Frobenius acting on H i(Zy,Qℓ) are divisible by qr+1 for all
i > 2r.
Proof. This follows immediately from the proof of the theorem using the method of Esnault
in [5, Theorem 2.1]; the idea is to use Artin’s vanishing theorem for the e´tale cohomology of
affine varieties together with the long exact sequence of cohomology with compact supports.

Remark 3.2. All our arguments are essentially motivic in nature and can be easily adapted
to obtain analogous results for other cohomology theories; in particular the Hodge theoretic
analogues of Theorem 1.1 and Corollary 3.1 are also true. See [7], [5] for the case r = 0.
4. An application
We now give a family of examples to which our main theorem applies. The proof of the
proposition below is a variant of the proof of Otwinowska [10, Corollaire 3]; the novelty here
is that we consider all hypersurfaces, not just the smooth ones.
In the following proposition all the data is assumed to be defined over a universal domain
K.
Proposition 4.1. Let B be a smooth projective variety with Pic(B) ∼= Z generated by a
very ample line bundle L and such that the cycle class maps CHi(B) ⊗ Qℓ → H2i(B,Qℓ)
are isomorphisms for 0 ≤ i ≤ 2 dim(B). Let d be such that for any section s ∈ H0(B,L⊗d),
Z(s), the zero scheme of s, is covered by a family of projective spaces of dimension k for some
k < dim(B)/4 and such that L restricts to O(1) on each of them. Then for any s as above,
the cycle class maps CHi(Z(s))⊗Qℓ → H2i(Z(s),Qℓ) for 0 ≤ i ≤ k − 1 are isomorphisms.
Proof. Let A = Z(s) and first assume that A is smooth. We recall the proof in this case, in
a slightly modified form, from [10] since we need to extend it to allow for singularities: Let
G be the Grassmannian of k-planes in P(H0(B,L)). The hypotheses, along with the use of
alterations [3], imply that we may find a smooth projective variety F with a morphism to
G such that there is a dominant generically finite morphism q : P → A, with p : P → F the
pullback of the universal bundle of k-planes on G to F .
Let h = c1(OP (1)) ∈ CH
1(P ). Then for any i we have
(1) CHi(P ) = p
∗CHi−k(F )⊕
( k⊕
j=1
hj · p∗CHi−k+j(F )
)
.
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For Z ∈ CHi(A) we may write
q∗(Z) = Z0 + h · Z1 + · · ·+ h
k · Zk
with Zj ∈ p
∗CHi−k+j(F ).
Let H = c1(L|A) ∈ CH
1(A), so h = q∗H . Suppose i < k and Z ∈ CHi(A) is homologically
trivial. Then in the above decomposition Z0 = 0 and all the Zj’s are homologically trivial.
By the projection formula, q∗(h · Zj) = H · q∗(Zj) which is zero by the self-intersection
formula, since, by the assumptions on B, i∗(q∗(Zj)) = 0 ∈ CHi+j(B). Thus q∗(q
∗(Z)) = 0
which implies that Z = 0 since we are working with Q coefficeients. The isomorphisms in
the theorem now follow becuase of the assumptions on B and the Lefschetz theorems.
Now we assume that A is reduced and irreducible but not necessarily smooth. We may
find F as above, but we do not in general have a map q∗ : CH(A) → CH(P ) such that q∗
sends homologically trivial cycles to homologically trivial cycles and q∗q
∗ is multiplication
by the degree of q. Nevertheless, q∗ : CH(P )→ CH(A) is surjective so for any Z in CHi(A)
with i < k we may find Zj ∈ p
∗CHi−k+j(P ) such that
Z = q∗(Z1) ·H + · · ·+ q∗(Zk) ·H
k.
By the self-intersection formula as above, the image of CHi+j(A)
·Hj
−→ CHi(A) factors through
CHi+j(A)/ ≡hom. By the assumptions on B and Artin’s theorem on the cohomology of
affine varieties [1, Corollaire 3.2, p.160] it follows that the maps H2j(A,Qℓ) → H2j(B,Qℓ)
are isomorphisms for 0 ≤ j < 2k.
Now suppose that A′ is a smooth hypersurface in B specialising to A, i.e. there is a
commutative diagram
A //
##
G
G
G
G
G
G
G
G
G
G
P(H0(B,Ld))×K Spec(R)
uukk
kk
kk
kk
kk
kk
kk
k
Spec(R)
where R is a dvr with residue field K , A → Spec(R) is a flat proper scheme with geometric
generic fibre isomorphic to A′ and special fibre isomorphic to A and the horizontal arrow is
a closed embedding; such a diagram exists since L is very ample.
Using specialisation and statement for the smooth case, it follows that the maps CHj(A)/ ≡hom
⊗Qℓ → H2j(A,Qℓ) are surjective, hence isomorphisms, for all 0 ≤ j < 2k, which implies
that the specialisation maps CHj(A
′)/ ≡hom→ CHj(A)/ ≡hom are also isomorphisms;
By the above discussion and the fact that c1(L|A′) specializes to c1(L|A), we deduce that
for 0 ≤ j < k, the specialisation maps CHj(A
′) → CHj(A) are surjective, hence must be
isomoprhisms since dim(H2j(A
′,Qℓ)) = dim(H2j(A,Qℓ)).
For the general case, let A = ∪mr=1Ar, where all the Ar’s are irreducible divisors. We
prove the proposition by induction on m, the case m = 1 being already done. Suppose
m = 2. We may find smooth divisors A′1 and A
′
2 specialising (as above) to A1 and A2
respectively such that A′1 and A
′
2 intersect transversally. By Artin’s theorem as before it
follows that the map H2j(A
′
1 ∩ A
′
2,Qℓ) → H2j(A
′
r,Qℓ) is surjective for r = 1, 2, 0 ≤ j < k,
so that CHj(A
′
1 ∩ A
′
2) → CHj(A
′
r) is also surjective. By specialisation (applied to A
′
1 ∩ A
′
2
and A1 ∩ A2) it follows that CHj(A1 ∩ A2) → CHj(Ar) is also surjective. This implies
that CHj(Ar) → CHj(A1 ∪ A2) is also surjective. Since the analogous map on homology
is an isomorphism by Artin’s theorem, it follows that the above map on Chow groups is
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an isomorphism, concluding the proof in this case. The case m > 2 follows easily from the
m = 2 case. 
We will apply the above proposition in the case of certain homogenous spaces of Picard
rank one embedded into projective space via the very ample generator. For that we shall
need the following:
Lemma 4.2. Let k be an algebraically closed field and let Gn be one of the simple algebraic
groups SLn+1, Sp2n, SO2n, SO2n+1 over k and Pn a maximal parabolic subgroup of Gn except
for the case where Gn is Sp2n and Pn is the stabilizer of a maxmimal isotropic subspace.
Let Xn = Gn/Pn and Ln the (very) ample generator of Pic(Xn). Then Xn is coverered by
a family of projective spaces of dimension m ≥ (n − 1)/2 such that the restriction of Ln to
each of these subspaces is O(1).
Proof. This is well known and follows from the description of the Xn’s as spaces of (isotropic)
linear subspaces of the defining representation of Gn. Note that in the case of the maximal
isotropic subspaces for the orthogonal groups, for the embedding induced by the Plu¨cker
embedding the restriction of O(1) is not the generator so this case requires a slight additional
argument. 
We can now prove our asymptotic generalisation of the theorem of Ax–Katz.
Theorem 4.3. Let k be finite field with q elements, let Gn be a k-form of one of the simple
algebraic groups SLn+1, Sp2n, SO2n or SO2n+1 and let Pn be a maximal parabolic subgroup
of Gn also defined over k except for the case where Gn is Sp2n and Pn is the stabilizer of
a maxmimal isotropic subspace. Let Xn = Gn/Pn and Ln the ample generator of Pic(Xn).
For any tuple D := (d1, d2, . . . , dt) of positive integers and any positive integer r, there exists
an integer N(D, r) such that for any n > N(D, r) and any si ∈ H
0(Xn, L
⊗di
n ), i = 1, 2, . . . , t
|Z(s1, s2, . . . , st)(k)| ≡
r−1∑
j=0
dim(b2(Xn))q
j mod qr
where Z(s1, s2, . . . , st) is the subscheme of Xn given by the vanishing of all the si’s.
Proof. Let K ⊃ k be a universal domain. By applying Lemma 4.2 to Xn it follows that for
fixed positive integers d, s, for any s ∈ H0(Xn,K, L
⊗d
n,K), Z(s) is covered by linear spaces of
dimension s if n >> 0, the reason being that this is true for Xn = Pn (see e.g. [11]). By
putting A = Xn in Proposition 4.1 and using the fact that for any projective homogenous
space X of a linear algebraic group the cycle class map CH(X)⊗Qℓ → H(X,Qℓ) is always
an isomorphism, we conclude that the cycle class map CHj(Zs)⊗Qℓ → H2j(Z(s),Qℓ) is an
isomorphism for j ≤ s − 1. Moreover, H2j+1(Z(s),Qℓ) vanishes for j < k by the Lefschetz
hyperplane theorem.
By taking s = r + 1, the previous paragraph shows that we may apply Theorem 1.1 to
conclude the proof for t = 1. Suppose t > 1: by the t = 1 case we may find an integer
N(D, r) so that for all n > N(D, r) the desired congruence holds for all the subschemes
∪j∈T ′Z(sj) where ∅ 6= T
′ ⊂ {1, 2, · · · , t}. The theorem then follows by the Inclusion–
Exclusion principle. 
Example 4.4. We consider a particular homogenous space for the exceptional groupG = E8;
our notation below is that of Bourbaki [2, p. 268]. Let B be a Borel subgroup of G and
let P ⊃ B be the parabolic subgroup of G corresponding to (removing) the root α1; this
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is the stabilizer (upto scalars) of the highest weight vector v in the representation of G
with fundamental weight ̟i. Let X = G/P ; using the data in op. cit. one easily sees that
dim(X) = 78. Let P ′ ⊃ B be the parabolic subgroup of G corresponding to removing the
root α2. By looking at the Dynkin diagram of E8 one sees that the semi-simple part G
′ of a
Levi subgroup of P ′ is isomorphic to SL7 and one checks using the information in loc. cit.
that the action of G′ on v generates the standard representation of SL7. We thus see that
X is covered by a family of 6-dimensional projective spaces such that the ample generator
L of Pic(X) restricts to O(1).
By proceeding as in the above theorem but using the explicit bound above we get (where
we now work over a finite field k with q elements):
(1) If s ∈ H0(X,L) then
|Z(s)(k)| ≡ 1 +
4∑
i=1
b2i(X)q
i mod q5
(2) If s ∈ H0(X,L⊗2) then
|Z(s)(k)| ≡ 1 + q mod q2.
This uses the fact that a quadric in P6 is covered by linearly embedded P2’s.
Remark 4.5. One can probably use the method of Paranjape [11] or Esnault–Levine–
Viehweg [6] to prove a version of Proposition 4.1 for all low degree intersections (instead of
just hypersurfaces). We have not done so for the sake of brevity since the proof is not likely
to require any new ideas.
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